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A Variable Selection Method for the Additive Hazards Model with

Current Status Data
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Abstract Variable selection is vital to statistical modelling when the number of
covariates is large. In recent years, penalty function-based methods represented by
LASSO have attracted much attention. But most researches in survival analysis are
based on the Cox proportional hazards model and right-censored data. In this paper,
we consider current status data (also called type I interval-censored data) with the
additive hazards model which is less studied. Under the assumption that the failure
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time follows the additive hazards model and the censoring time is dependent on co-
variates, the hazard function is constructed from the perspective of counting process,
and then a simple likelihood function is derived. A BAR (Broken Adaptive Ridge)
variable selection method is proposed, which is based on iteratively reweighted penal-
ization and enjoys Oracle property. We compare BAR with some popular penalized
methods through simulation and apply it to the current status data arising from the
Alzheimer’s disease study. Both simulation and application show that BAR performs
better compared with popular penalized methods.

Keywords Additive hazards model, broken adaptive ridge estimate, current status

data, variable selection.

1 � �o\&a�t2:#.W_C�/��7�K���ow�OGxt��v�GxA�. hk�ÆyY5�, Akt��v:�)Æ, �wC�.Z�b�K!.t��v.2�P?t�v�p �<V2Mf�)k$t�vaG=�v�p,\}>�p�,}j�p�9M/��. �F, |R AIC[1]  BIC[2] w�d,st�v�p �07uk=�. k��=Tt|Ne, �Æ�~3KC�\��v�p �, ;� Tibshirani[3] 3Kt
LASSO  ��m89Hd��tC�\��v�p �. �j Fan  Li[4] 47z LASSO ��M��_tf�V�#&tOr, 3Kz SCAD  �. Zou[5] k LASSO t|Ne47zf�tL!y, 3K ALASSO  �. Lü  Fan[6] 3Kz" L0  L1 C�\�u/ft
SICA  �. Dicker[7] 3K SELO  �, Fnzq�tC�\�a9� L0 C�\�. Liu 
Li[8] 3Kz�dA	C�\�L!yt BAR  �, ;�w�K!�Lt L2 C�\�a9� L0 C�\�.!>e��v�p �7�O�EKR��t�Eto\&a�, 1!� Cox �m(l� [9–11] V�(l� [12, 13], h��$���tÆ�Pt�E. WPt�Eu�, k>),�Eg[t�dvAh, I	A_'. EZ�z1, !>�k>),�Et�v�pY5t$�)h. Tian w [14] �k>),�EtO=t�tP�7�zC�\��v�p$�, Zhao w [15, 16] k Cox �m(l�h$�z2	H�t�Et�v�pY5, $k;3Kt�h�Æ�C�\��v�p �7��), 5I;� �tI	�T.2	a#, Cox �m(l�K&(l\�tu���, V�(l�s#.K&(l\�tM�5�. =N� Cox �t2�!.(H, V�(l�ko\&a�0vE!.zT, h�kV��h�k>),�Et�v�pY5t$�P�)h�. �F, kt�EtoO$��, KR�gR�, _Æ�kM2w�W��v[K, hkgÆyY5�,M2w�5R��v, m\~Q�y��r~7�M2tw�8W;l7)^OK. ��F^k Lin w [17]  Wang w [18] tUw�O'3�. kÆ^��vtF�h, ���k"|��tf�/�t�, =/�I	�v�paAÆ_'.��SX�" (AD) �2�)V-tm=D���", w�Vt�<��P�Nn=�_$Z. E�Xz�8 (MCI) � AD �"�>t,�. �4k�, -� 2014 ., ZR7
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,&"/0�����"t$�'6otk>),�Et�v�pY5.4f$�o), �U"kV�(l��M2w�W��vuKt��h, /�k>),�Eht�v�pY5. H7)[�1N: { 1 .3i$�Æ?�R)F�~t$�F^; { 2 .3i�U'Kot����C�\�, 3K2�|R BAR C�\�tV�(l�hk>),�E�v�p �, $k�kt9�h=K; Oracle ���
�; { 3 ./�k)>�+y)k�h;C� �t�o; { 4 .kK�U3Kt �&a��SX�"�y�E; { 5 .5/NU$3KuL.

2 tÆgz
2.1 ~hdY_r�aM
2.1.1 Iw#�~hR� n :�pM2:7, �:7 i tt�w�N Ti, M2w�N Ci (i = 1, 2, · · · , n). ^Z��q Ti ��ok Ci wY�>{�j, �[�s Ti t,Q��, �,t�EC�;Nk>),�E{ I H�t�E. k>),�Eko^4�=��wS��[�)N8�. m\�R ��	t�"w�, )qr~�	�"t,QwY T , ��*sr~kM2wY C �+7=�".�R�yt�w� T tM2, k>),�E*3Dt�dv�Pt�EAh. kPtF�, Z�*M2o min (T, C) ��\� I (T ≤ C), �R:7 i, I (Ti ≤ Ci) = 1 ;S-
min (Ti, Ci) = Ti, � Ti t,Q��M2o. �kk>),�E�, Z��*so C ��\� I (T ≥ C), �:7 i, I (Ti ≥ Ci) = 1 ��kM2w:7 i Rt�, ��3:7Pt; �
I (Ti ≥ Ci) = 0 s��kM2w:7 i 7t�, 3:7<t. V�k>),�EVQ=<tPttyf, k���E6o��h, [\e�M2)o Ti t,Q�.

2.1.2 r�aMk:7 i tt�w����v Zi = (Zi1, Zi2, · · · , Zip)
′ Gx, Zi Ww� t [K. V�(l���k7��vt9�h,t�w� Ti k t wYt(l\�N

λi (t|Zi) = λ0 (t) + β′Zi, (2.1);� λ0 (·) �Rt%1|,(l\�, β �RtPf�, ;&v��;��v�(l\�tGxA�. Cox �m(l��*Zu���t&�a�))>��vJ��(ltGxA�, �V�(l�V8hv(ltM�5?,kgÆEK7?hA:1�.�F, 2	to\&a�<8�kM2w� C t&*W��v[K. hkgÆyY5�, M2w� C V*�o ���vtGx. �jK\h Cox �m(l�a��M2w�W��vtKf
dΛc (t|Xi) = eγ′XidΛc,0 (t) , (2.2);� Λc,0 (·) �Rt|,f�(l\�, γ �RtP/�. Xi = (Xi1, Xi2, · · · , Xid)

′ <8� Zi t :/�. �U��k d )�, C Xi Ww� t [K. �F�kk=� Zi t>3h,
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C  T ��pt.

2.1.3 V	\~"^
Lin w [17] Z	�VAt&�Fn(l\�, K�m(l�h(l\�t�~a��V�(l�ht(l\�. �=\ht	�VA

Ni (t) = δiI (Ci ≤ t) , (2.3);�, δi = I (Ci ≤ Ti) �k>),�Et��\�. k dHi (t) ��:7 i t	�VA�o:e (Ni (t) Z 0 �N 1, � dNi (t) = 1) t6�. ?E Ni (t) t�=, 	�VA�o:et9��: :7 i k t wY�M2CRt�, � Ci = t C Ti ≥ t. K Ci k t wYt(l\�
dΛc (t|Xi) = eγ′XidΛc,0 (t) ��>~t6�, K Pr (Ti ≥ t|Zi) = e−Λ0(t)−β′Z∗

i (t) ��j~t6�, ;� Λ0 (t) = ∫ t
0 λ0 (s) ds, Z∗

i (t) = ∫ t
0 Zids. �~u?s

dHi (t) = dH0 (t) e−β′Z∗

i (t)+γ′Xi . (2.4)V�, Ni(t) �o:et6�g�R Cox �t(l\�, ;� dH0 (t) = e−Λ0(t)dΛc,0 (t) ��N|,(l\�. �,CV8�} Cox �hFn2�Rt �, |R dHi (t) Fn\h2�R\�
L (β, γ) =

∏n

i=1

[
e−β′Z∗

i (Ci)+γ′Xi

∑n
j=1 Yj (Ci) e−β′Z∗

j
(Ci)+γ′Xj

]δi

, (2.5);�, Z∗
i (Ci) = ∫Ci

0 Zids = CiZi, Yj (Ci) = I (Cj ≥ Ci). �W; Ci, {j|Yj (Ci) = 1} F=z
Ci wYt(l�. } (2.5) ~�d℄�E {Ci, δi, Zi, Z

∗
i (·), Xi} (i = 1, 2, · · · , n) $�_o, C*I	KR/� β  γ. V� (2.5) ~WRt|,(l\�[K, Z���z�R|,(l\�7�9�I	'at`5. $C, ,f (2.2) ~tM2w� C ,Q�7�N,M2o, '8V|RGN�E {Ci, Xi} (i = 1, 2, · · · , n), <V�_o Cox �m(l�t2�R\� Lγ(γ) aso γ̂

Lγ(γ) =

n∏

i=1

(
eγ′Xi

∑n
j=1 Yj (Ci) eγ′Xj

)
. (2.6)&;ok=� γ̂ j, (2.5) ~6�2	t Cox �m(l�2�R\�Æz2:W β [Kt8�y, �W L (β, γ̂) ti��W Cox �m(l�2�R\�ti��g+9,jUt�i0"C
�2~. �F)'�o, k γ = 0 w, C W��v[K, Ww (2.5) ~�N Cox �m(l�t2�R\��~, �W~G��'sotI	O-W Cox �m(l�/�I	u>t��.

2.2 GN\~Co��QO
2.2.1 FbGNQOk��vt:�)Æw, [:KoÆ!Et�, C��E���1�n=_'. WwV8.KC�\��v�p �a<��, 2M���vGx)k$t��v. kd℄
γ̂ j, (2.5) ~�tR/��s β, V" (2.5) ~�N L (β). |R L (β) FnC�2�R\�
Lp (β)

Lp (β) = −2 logL (β) +

p∑

j=1

p (βj , λn) , (2.7)
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LASSO  �tC�\�N pLASSO (βj, λn) = λn |βj |. 8 LASSO N|N, ALASSO  �tC�\�N pALASSO (βj, λn) = λnωj |βj |, ;� ωj � βj tL!, Zou w [5]  >J
ωj = 1/

∣∣∣β̃j

∣∣∣, ;� β̃j N�_o L (β) �s. SCAD  �tC�\�N
pSCAD (βj , λn) =






λn |βj | , |βj| ≤ λn,

−
β2

j − 2αλn |βj| + λ2
n

|2 (α − 1)| , λn < |βj | ≤ αλn,

(α + 1)λ2
n

2
, αλn < |βj | .

(2.8)�} Fan  Li[4] t/, J α = 3.7. :, k |βj | )�w, � βj tC�" |βj| tt_�t_. k |βj | )_w, � βj tC�6N α  λn [�.

SELO  �tC�\�N pSELO (βj , λn) = λn

log(2) log
(

|βj |
|βj |+τ + 1

)
, ;� λn  τ �f��./�. k τ J�)�w pSELO (βj, λn) ≈ λnI (βj 6= 0). Dicker w [7]  >J τ = 0.01.

SICA  �tC�\�N pSICA (βj , λn) = λn
|βj |(τ+1)
|βj |+τ . Lü Fan[6]  >J τ = 0.01. �u�C�\��� L0 C�\�tq�9�, k2�A�eX-z L0 C�\�t)q��'at	 /h�)X��.

2.2.2 BAR QO_v� 
BAR  ��2��d!�L �. �j"{2:�dJ� β̂(0), WJ�V8N�_o

log L (β) azs, 0V8K�I	. �dVA�, { k +�d'Gt β̂(k) N!�Lt L2 C�\�aA	
β̂(k) = argmin

β




−2 logL (β) + λn

p∑

j=1

β2
j(

β̂
(k−1)
j

)2





, k ≥ 1, (2.9);� λn ��./�, C�\�N pBAR (βj, λn) = λn
β2

j

(β̂
(k−1)
j

)2
, BAR I	v��=N β̂ =

limk→∞ β̂(k). V8
�, k2�9�h, pBAR (βj , λn) "	ro λnI (βj 6= 0). �W�� �0VQ=� L0 C�\�t L2 9�, C[� λn 8Ftf��./�. 7=O�~.K BAR �$�t�� [8], Cox �m(l� [16] w�, $kÆ��h
�z BAR I	vk�v�pet2��, Oracle ����v0�&71�.EZ�', gRO" BAR  �B℄k>),�EtV�(l�$�tUw, h�k p < n tF�h, =K BAR I	 β̂ k�U�ht Oracle ��, ����g[:COo
p V" n tt_�t_tF�. p > n t0V/� [20].�jB℄2�	�VA�t�b�
�'�9�. �

Mi(t) = Ni(t) −
∫ 1

0

Yi(s)e
−β′Z∗

i (s)+γ′XidH0(s), i = 1, 2, · · · , n (2.10)N�=k σ [ Ft := σ {Ni(s), Yi(s), Zi(s) : s 6 t, i = 1, 2, · · · , n} etB, )t2	�, k9H
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S(k)(β, γ, t) =

n∑

j=1

(
Z∗

j (t)
)⊗k

Yj(t)e
−β′Z∗

j (t)+γ′Xj , k = 0, 1, 2, (2.11);� k = 0, 1, 2 w x⊗k = 1, x, xxT. N (2.5) ~, k=� γ̂ j, �KR β t��2�R\�N
l(β) = log L(β, γ̂)

=

n∑

i=1

∫ 1

0

(−β′Z∗
i (s) + γ̂′Xi) dNi(s)

−
∫ 1

0

log




n∑

j=1

Yj(s)e
−β′Z∗

j (s)+γ̂′Xj


dN(s), (2.12);� N =

∑n
i=1 Ni. � Uβ(β, γ) = ∂ log L(β,γ)

∂β
, Uγ(γ) =

∂ log Lγ(γ)
∂γ

, Ω̂β(β, γ) = −n−1 ∂Uβ(β,γ)
∂β′

,

Ω̂βγ(β, γ) = −n−1 ∂Uβ(β,γ)
∂γ′

, D̂γ(γ) = −n−1 ∂Uγ (γ)
∂γ′

.k β0  γ0 N β  γ t��. � Ωβ , Ωβγ  Dγ &!N Ω̂β(β, γ), Ω̂βγ(β, γ)  D̂γ(γ)k β = β0  γ = γ0 wt�s, $�k Ωβ  Dγ %=?.� β̃ ��� l(β)G�_��stI	.|R (2.10)–(2.12),Uq [17]7
� 1√
n
Uβ (β0, γ̂)8� √

n
(
β̃ − β0

) �	ro 0 N�Æ^�,&*, C� 5�&!N M (β0) = Ωβ −
ΩβγD−1

γ Ω
′
βγ � V (β0) = Ω

−1
β − Ω

−1
β ΩβγD−1

γ Ω
′
βγΩ

−1
β . )t2	�,V8" β0 �N (β′

01, β
′
02)

′
,

β01 ���%�t&v, P�N q, β02 ���N�t&v, P�N p − q. �Ez, β̃ ��N(
β̃′

1, β̃
′
2

)′
, β̂ ��N (

β̂′
1, β̂

′
2

)′
, M1 (β01) � M (β0) t> q× q /D�, V1 (β01) � V (β0) t>

q × q /D�, h>.Mn 1 (Oracle ��) � Q1(θ1) = −2l1(θ1) + λnθ′
1D1(β1)θ1, ;� θ1 � q P}v,

D1(β1) = diag{β−2
1 , β−2

2 , · · · , β−2
q }, l1(θ1) � l(θ) t> q :&v, k f(β1) � A Q̇1(θ1) = 0t1. ^2
�9� (C1)–(C7) =p, %�� BAR I	 β̂ = (β̂′

1, β̂
′
2)

′, 56� 1 O
(a) β̂2 = 0, β̂1 \kCN f(β1) tM2)�~.

(b)
√

n (β̂1 − β01)
D→ Nq(0, V1(β01)).- �2
.

3 tu}�
3.1 |�{M�.<V�+y)a5IOs,�h, BAR �;(8�C� �k�U���ht�o. NWR�8h�7y): >u7R���vtaa&*/htF^; ju7R�Æ�)BtF^.L 1 & k��v:� p = 8, ;� Z1  Z2 N�,�,&*"�o=, Z3, Z5  Z7 N/�N 1 t'�&*"�o=, Z4, Z6  Z8 N/�N 1 t��&*"�o=, ;��vum�p. t�w� Ti t(l\� (2.1) ~� λ0 (t) = 2, /��� β0 = (1, 0, 1, 0, 1, 0, 1, 0). �7y)R�M2w�W��v[KtF^, k Ci ∼ U (0, 1/3), �EPt�dN 50%. kK



1320 g � T  X �  42K>�h$�GK (2.7) ~t�_�~ β̂. !/y) 100 X. ;C�\��tf��./� λnN?E BIC ,sQ�.L 2 & k{27t|Ne, R�M2w�W��vuKtF^. NM2w� Ci t(l\� (2.2) ~, � Ci N/�N 2eγ′Xi t��&*"�o=, $�k Xi = Zi, i = 1, 2, · · · , n./���kN γ0 = (0.5, 1, 0, 0, 0, 0, 0.5, 0.5), �,*|�t�w�M2w�OGxt��v�f)GNu>. ;*k�W{27u>.L 3 & k��v:� p = 20, ;��vNÆ^�,&*"�o=,N��N 0, )>��v Zi  Zk ��t� 5�6N ρ|i−j|, ρ = 0.5, i, k = 1, 2, · · · , p. Σ �� 5�. t�w� Ti t(l\� (2.1) ~� λ0 (t) = 0.5, /��� β0 = (1, 1, 0, 0, · · · , 0, 0, 1, 1). �7y)R�M2w�W��v[KtF^, k Ci -Z/�N 0.5 t��&*, �EPt�dN 50%.L 4 & k{ 37t|Ne,R�M2w�W��vuKtF^. NM2w� Ci t(l\� (2.2)~,� Ci N/�N 0.5eγ′Xi t��&*"�o=,/��� γ0 = (0.5, 1, 0, · · · , 0, 0.5, 0.5),;*k�W{ 3 7u>.Z�.K/�I	�t MSE, TP  FP w��a5��U�h)>C�\�t/�I	�o�v�p�o. �� MMSE  SD &!��!/y)sotN `5�T��,5, N `5 MSE N (
β̂ − β0

)′
Σ

(
β̂ − β0

) so. TP d���Q�℄� (��Et/���%�, I	t/T0%�) t��v�!t3N�. FP d��^`�℄� (��Et/���N�, I	t/T%�) t��v�!t3N�.

3.2 d[S�k=�ty)k�h, ;7ty)/T�� 1–4. 1 |38z*0U
(Table 1 Simulation results for Case 1)-�w !� MMSE / SD TP FP

LASSO 1.1392 / 0.8139 3.74 2.14

ALASSO 0.7468 / 0.7331 3.72 1.00

SCAD 0.8964 / 0.8240 3.82 1.60

n = 800 SICA 0.8448 / 0.6644 3.88 1.73

SELO 0.8175 / 0.9218 3.67 1.57

BAR 0.6539 / 0.6255 3.76 0.59

Oracle 0.3924 / 0.3628 4 0

LASSO 0.9040 / 0.6962 3.82 1.80

ALASSO 0.3845 / 0.6807 3.84 0.30

SCAD 0.3785 / 0.2385 3.98 1.16

n = 1500 SICA 0.3839 / 0.4518 3.96 1.11

SELO 0.4377 / 0.4622 3.94 1.15

BAR 0.3551 / 0.3408 3.91 0.24

Oracle 0.1795 / 0.1899 4 0
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(Table 2 Simulation results for Case 2)-�w !� MMSE / SD TP FP

LASSO 1.0198 / 0.5464 3.66 1.48

ALASSO 0.7969 / 0.9933 3.64 0.87

SCAD 1.0646 / 0.8042 3.80 1.56

n = 800 SICA 1.0283 / 0.8939 3.74 1.46

SELO 0.8743 / 0.9473 3.76 1.68

BAR 0.7360 / 0.8537 3.79 0.64

Oracle 0.7100 / 0.6271 4 0

LASSO 0.5393 / 0.3823 3.78 1.06

ALASSO 0.3805 / 0.8348 3.78 0.31

SCAD 0.3680 / 0.5898 3.90 0.60

n = 1500 SICA 0.3524 / 0.6321 3.90 0.98

SELO 0.3228 / 0.6728 3.88 0.75

BAR 0.3537 / 0.3816 3.95 0.27

Oracle 0.3587 / 0.4332 4 0 3 |a8z*0U
(Table 3 Simulation results for Case 3)-�w !� MMSE / SD TP FP

LASSO 0.7244 / 1.1272 3.78 5.62

ALASSO 0.2670 / 0.8791 3.84 2.00

SCAD 0.2208 / 1.0656 3.95 3.03

n = 400 SICA 0.1991 / 1.2143 3.90 2.80

SELO 0.2572 / 0.7710 3.98 2.86

BAR 0.2247 / 0.8291 4 1.09

Oracle 0.1648 / 0.3667 4 0

LASSO 0.4053 / 0.5761 4 2.15

ALASSO 0.1045 / 0.8544 3.92 0.39

SCAD 0.0669 / 0.1429 4 0.54

n = 800 SICA 0.0801 / 0.6421 3.96 0.45

SELO 0.0882 / 0.2119 4 0.57

BAR 0.0781 / 0.2074 4 0.07

Oracle 0.0959 / 0.1635 4 0
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(Table 4 Simulation results for Case 4)-�w !� MMSE / SD TP FP

LASSO 0.4269 / 0.6064 3.94 4.04

ALASSO 0.1482 / 0.8382 3.80 1.32

SCAD 0.2010 / 0.7159 4 1.98

n = 400 SICA 0.1539 / 0.4280 4 2.12

SELO 0.2519 / 0.8381 3.95 1.67

BAR 0.1472 / 0.4001 4 0.40

Oracle 0.1535 / 0.4297 4 0

LASSO 0.2634 / 0.5038 4 1.75

ALASSO 0.0530 / 0.4992 3.84 0.06

SCAD 0.0841 / 0.2010 4 0.21

n = 800 SICA 0.0587 / 0.3652 4 0.20

SELO 0.0662 / 0.1856 4 0.22

BAR 0.0775 / 0.2201 4 0.02

Oracle 0.0695 / 0.1213 4 0Z� 1–4 �Vs8h/: {2, ;C� ��*)`zb�K�Q�v, C�8, TP+9�y�. {�, "-,�vtt_, ; �t MMSE  SD �k��, TP  FP 0A+9 Oracle �t�o, ��/�I	�v�p�o�",�vt_�O�k3r. {`,Z/�I	�oaQ, kÆ�F^h, LASSO  �t MMSE ��k_R;( �, �;( ���t5I$)�k, BAR  �kÆ�F^ht MMSE )�. {�, )�k$2�,�vh, ; �t TP ��)+9, BAR  �t FP ��9�t. ���k;7�+y)k�h, BAR  �2M^`�v0C�[��+� ��o9M. ;U �!k���Q�v ��T)`, h�+��)8.�F, k�+VA�Z��oz�:�s&;to~: {2, LASSO  �sot/�I	M��6�2�, MSE �2_, ��� LASSO I	���%�t/�V�#&tjT,0�_,���)_t7o, ;(\ SCAD  SELO w �tI	�6�A�+9��. {�, SCAD, SICA  SELO  ���zu�Æt^`�v, V*t_���� ��[O)�2:�./�, C��./�tGx)_, n�;k�U�k�ht�v�p�o)H`. {`, kju7y)�, ; �t MMSE 6�2�, h,& �t MSE t�,52_, ���N;k!/y)�\k"'O/�N,I=�t�
F^, h;kM_Æ�y)�h�O)`t�v�p�o.Me���F, Z�0"{27{�7t 100 X!/y)�;��vt��F^u�Ka, 8&a)>gt��v�+��v�pOGx.Z� 5 � 6 V8QK, "-,�vtt_, ;��v��Q��tX��l�wt_,�^`��tX��l�w�h. k>2,�vh, ;��v���tX�+9, $�O�No=��vt&*)>���v�pO�kGx.
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(Table 5 The number of covariates retained in Case 1)-�w ��w β1 β2 β3 β4 β5 β6 β7 β8

LASSO 96 60 96 42 92 62 90 50

ALASSO 92 30 94 20 94 32 92 18

n = 800
SCAD 96 32 96 44 94 40 96 44

SICA 99 32 95 47 97 51 97 43

SELO 93 39 90 38 93 41 91 39

BAR 95 13 94 20 93 12 94 14

LASSO 96 50 94 46 96 52 96 32

ALASSO 96 7 95 12 96 7 97 4

n = 1500
SCAD 100 30 98 24 100 30 100 20

SICA 99 23 99 30 99 34 99 24

SELO 99 36 99 24 98 29 98 26

BAR 99 3 97 9 98 6 97 6 6 |�8z*u�w	Y�
(Table 6 The number of covariates retained in Case 2)-�w ��w β1 β2 β3 β4 β5 β6 β7 β8

LASSO 93 30 93 42 93 38 87 38

ALASSO 94 17 93 22 93 24 84 24

n = 800
SCAD 98 30 94 36 92 56 96 34

SICA 94 36 94 36 94 30 92 44

SELO 94 42 96 34 96 50 96 42

BAR 99 18 97 16 98 13 85 17

LASSO 95 24 95 27 95 38 93 17

ALASSO 95 11 95 7 95 6 93 7

n = 1500
SCAD 98 14 98 18 98 18 96 10

SICA 98 22 98 26 98 20 96 30

SELO 97 17 97 22 97 13 97 22

BAR 99 9 100 3 100 6 96 9

4 }�U�
4.1 ~hfy>�3KtV�(l�htC��v�p �k�+�Ee�os`, h�kK�� �7�y
&a. ADNI �2y��SX�"m=G|$� (the Alzheimer’s Disease

Neuroimaging Initiative), <V�G|, oo��^6P�dt$�a�m8��SX�"r~7��2�3. 4�e<8�VtX)^&N`:w8: CN (�8X)�MCI (E�Xz�)  AD (��SX�"). OR MCI tr~�O2,&�uN AD, �2,&$



1324 g � T  X �  42K)wÆ��o, n�s/N CN. �W, /�n�"F�ot���3�"t#���K!.t. k�y$��, y)V`)�8z�/Wy)t MCI r~7�M2, �
h(�tX)^�UE�=|/T. Z�7�Kt�Z$�P}o AD �"tw�, h�"w�[��,QM2o. �W, ^��"w�Q=t�w� T , �9j2XM2w��N C, sV8XN��27k>),�E. �E�[ 299 :O�,�, ;� 162 :,�t δi = 1, Pt�Ev�d 54%. |R8K� ADNI �E�t$� [21, 22], Z�3Jz 24 :J}��v, ;�2,&�RV\?	�W|��d, �`$�P}w/W~t.� (Age), �! (Male), �(℄.s (PTEDUCAT), xA)^ (Married) jÆj�|� (APOE4). �2,&�R~Q��, �`��SX�"5Iv�ts& (ADAS11  ADAS13), 'wVZt<2�s& (ADASQ4), ~QFb5&�ts& (CDRSB), �g<m),2�s& (MMSE), Rey;LZ(�e2�s& (RAVLT i, RAVLT l, RAVLT f, RAVLT p), �2,b8q2�s&
(DIGITSCOR), B 2�s& (TRABSCOR) C*5IYJs& (FAQ). 9j2,&N/W~tUE�=|7��E, �`(� (Ventricles), XÆ (Hippocampus), N( (WholeBrain),)� (Entorhinal), %)t (Fusiform), A�t (MidTemp) ()7� (ICV).W�+y)tVAg�, Z�"q���v�,oj, .KC��v�p �7�/�I	�v�p, /T\� 7 '�, ��`b)t��N.K Bootstrap  �7� 100 X!I,	 Kt/��,5I	�. 7 ADNI �Fu0�J
��w�q0U

(Table 7 Results of parameter estimation and variable selection for ADNI data)��x LASSO ALASSO SCAD SICA SELO BAR

Male - - - - - -

Married - - - - - -

Age −0.0334(0.0365) −0.0207(0.0497) −0.0282(0.0454) −0.0415(0.0590) −0.0439(0.0463) -

PTEDUCAT - - - - - -

APOE4 0.0438(0.0295) 0.0453(0.0400) 0.0410(0.0386) - - 0.0217(0.0276)

ADAS11 0.0544(0.0535) - 0.0573(0.0640) - 0.0383(0.0682) -

ADAS13 - 0.0538(0.1196) - 0.0800(0.0845) 0.0458(0.0845) 0.0427(0.0626)

ADASQ4 - - - - - -

CDRSB - - - - - -

MMSE - - - - - -

RAVLT i −0.0573(0.0339) −0.0210(0.0470) −0.0497(0.0488) −0.0610(0.0406) −0.0639(0.0463) -

RAVLT 1 0.0378(0.0314) 0.0397(0.0416) 0.0291(0.0421) 0.0502(0.0554) 0.0558(0.0464) -

RAVLT f −0.0148(0.0408) −0.0670(0.0818) - - - -

RAVLT p - 0.0800(0.1024) - - - 0.0161(0.0755)

DIGITSCOR - - - - - -

TRABSCOR - - - - - -

FAQ 0.0512(0.0443) 0.0410(0.0540) 0.0430(0.0579) 0.0529(0.0566) 0.0587(0.0574) 0.02030 .0349)

Ventricles 0.0231(0.0287) - 0.0233(0.0443) - - -

Hippocampus - - - - - -

WholeBrain 0.0343(0.0317) 0.0451(0.0598) 0.0291(0.0792) - - 0.0106(0.0329)

Entorhinal - - - - - -

Fusiform −0.0172(0.0298) - −0.0105(0.0401) - - -

MidTemp −0.0880(0.0446) −0.1163(0.0860) −0.0930(0.0792) −0.1175(0.0988) −0.1217(0.0863) −0.0798(0.0609)

ICV - - - 0.0585(0.0487) 0.0629(0.0488) -
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4.2 d[S�Z�v�p �a�, Age, APOE4, ADAS13, RAVLT i, RAVLT l, FAQ, WholeBrain 
MidTemp � 8 :��v�:V
�t ���, � Male  Married w 10 :��v�N, �2M. BAR  �t�9N<�, 6�� 6 :��v, �0,fk BAR  �k�+y)�t9M�v�p�o. SICA  SELO  �t���t�v:���, &!��z 7: 8 :. ;U 3 � ���z 10 :�8et��v. Zf�1��t �a�, V8sKA�t (MidTemp) UE�=|7�A_t MCI r~�o= AD t(lA�w/. g�t/0�>Vt$�=T [21, 22] '�G.

Li w [22] "�m(l��mM��w
/�(q�tC��v�p �EKo ADNI �Ee. "Z�t/TW���, V8QKk�U��kh'sot9M �W
Li w [22] k;��khsot9M �2�,>N BAR  �.

5 %e����U$�zk>),�EkV�(l�ht�v�pY5, |R	�VAi, K�m(l�h(l\�t�~a��V�(l�ht(l\�, =K2�!/�d�Lt BAR C��R�v�p ��;i��. kÆ7�+y)y
&a�W;*8KC��R �7��), )
z�U'3 �ts`�T.kj�t$�B=�, V8/��UFnt;C��R\�t;(_,���, \�v&71�. �U(o(l\�t �*��I	|,(l\�'at`5�	 /h�,\TkV�(l�℄�h"W �Euo;(gtH�t�E, V*�.!	Fn(l\�. MC��v�p �F, 8Kt$P �p�`#=&�wBG$P �, V8"C��v�p �W;($P ��). �8P{:8P�Et$PY5�9.at��U~, k8PY5�, �U'3�� �t�oYOf$�. WF, 7=O�~"�3NWC��v�p �/f, $kw��|�E=��EesoEK [23]. huK �kt�Eet$�Y)Æ�,�W�0�Rat2:Eu }.
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��i 1, �B℄2��bu:Bi. �= Q(θ; β) = −2l(θ) + λnθ′D(β)θ, ;�
D(β) = diag

(
β−2

1 , β−2
2 , · · · , β−2

q , β−2
q+1, · · · , β−2

p

)
. Q(θ; β) g�R BAR  ��tC�2�R\�, β �E BAR  ��dVA�t β̂

(k−1)
j , �W)$" Q(θ; β) ��N Q(θ). � Q(θ) t>�,n�&!N

Q̇(θ) = −2l̇(θ) + 2λnD(β)θ, (A.1)

Q̈(θ) = −2l̈(θ) + 2λnD(β). (A.2)h�=K�i�Bit9�
(C1)

∫ 1

0
dH0(t) < ∞;

(C2) \k β0t5�[ B0 γ0 t5�[ G0,|s� k = 0, 1, 2,\k�=k B0×G0×[0, 1]etO2CM�q�t s(k)(β, γ, t) �6 supt∈[0,1],β∈B0,γ∈G0

∥∥S(k)(β, γ, t) − s(k)(β, γ, t)
∥∥→ 0�l�R=p. ‖·‖ ��}vt0�js��{D�t7��. �F s(0)(β, γ, t) k B0 ×G0 ×

[0, 1] ebh 0;

(C3) Ωβ � p × p t���, \k8� C > 1 | C−1 < λmin (Ωβ) ≤ λmax (Ωβ) < C �H&_t n =p, ;� λmin(Q)  λmax(Q) ��D� Q t9�9_1��;

(C4) k Di =
∫ 1

0
{−Z∗

i (s) − e (β0; s)}dMi(s), �'O 1 ≤ j, l ≤ p, \k8� K |s
sup1≤i≤n E

(
D2

ijD
2
il

)
< K < ∞, ;� Dij � Di t{ j :^�;

(C5) k n → ∞ w, O p2q/
√

n → 0, λn/
√

n → 0, λ2
n/ (p

√
n) → ∞  λn

√
q/
√

n → 0;

(C6) \k8� 0 < a0 < a1 < ∞ |s |β0j | ∈ [a0, a1] , j = 1, 2, · · · , q.

(C7) �dJ� β̂(0) �6 ∥∥∥β̂(0) − β0

∥∥∥ = Op

(√
p/n

)
.' (C5) �
��i 1 tH&9�h)��.9�. �F, g[:{o�6 (C7) t�dJ� β̂(0), \2�RI	 β̃, Uq [24] 3KtI	{Uq [25] .Kt�I	.�n 1 k g(β) = (g1(β)′, g2(β)′)′ � Q̇(θ) = 0 t2:1. 8� M0 > 1 C�6 β01 ∈

[1/M0, M0]
q, =��=[ Hn ≡

{
β = (β′

1, β
′
2)

′
: |β1| ∈ [1/M0, M0]

q , ‖β2‖ ≤ δn
√

p/
√

n
}
, δn ��y��|C δn → ∞, pδ2

n/λn → 0, %�k (C1)–(C7) t9�h, 56� 1 O
(a) g(·) � Hn o Hn tHj;

(b) � :8� C0 > 1, O supβ∈Hn

‖g2(β)‖
‖β2‖ < 1

C0
.�n 2 � Q1 (θ1) = −2l1 (θ1) + λnθ′

1D1 (β1)θ1, k f (β1) � Q̇1 (θ1) = 0 t2:1, k
(C1)–(C7) t9�h, 56� 1 O: f (β1) � [1/M0, M0]

q o [1/M0, M0]
q t#&HjCOM2t)�~ β̂◦

1 .Bi 1 Bi 2 t
�/�Uq [25]. +haZ�
�)�~ β̂◦
1 t�9�,�, $��)�~ β̂◦

1 W BAR I	� β̂1 tKf, C*so�i 1 t/. " Q̇1(β01) k f(β1) O7�+e2,uP, s
Q̇1 (β01) = Q̇1(f(β1)) + Q̈1 (β∗

1) (β01 − f(β1)) , (A.3);� β∗
1 3R β01  f(β1) ��. K H1 (β1) �� Ω̂β(β, γ̂) t> q × q /D�, �is

f (β1) =

{
H1 (β∗

1) +
λn

n
D1 (β1)

}−1{
H1 (β∗

1)β01 +
1

n
l̇1 (β01)

}
. (A.4)
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β̂◦

1 − β01

) 4�N
√

nH1 (β∗
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1
2

(
β̂◦

1 − β01

)

=
√

nH1 (β∗
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1
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H1 (β∗

1) +
λn
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β̂◦
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)}−1

H1 (β∗
1) − Iq
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+
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nH1 (β∗
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1
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H1 (β∗

1) +
λn

n
D1

(
β̂◦

1

)}−1
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n
l̇1 (β01)

]

=I1 + I2. (A.5)j
� ‖I1‖ → 0. � I1 O
I1 =

√
nH1 (β∗

1)
1
2

[{
H1 (β∗

1) +
λn

n
D1

(
β̂◦

1

)}−1

H1 (β∗
1) − Iq

]
β01

= − λn√
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H1 (β∗
1)−

1
2 D1

(
β̂◦

1

){
H1 (β∗

1) +
λn

n
D1

(
β̂◦

1

)}−1

H1 (β∗
1)β01, (A.6)�jKoz℄r&jD�iw~: u:2�V-D��6 (Φ+Ψ)−1 = Φ

−1−Φ
−1

Ψ(Φ+Ψ)−1.N (C3), (C5)  (C6), O
‖I1‖ ≤ M2

0 λn√
n

∥∥∥H1 (β∗
1)

1
2

∥∥∥ ‖β01‖ = Op

(
λn

√
q/
√

n
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→ 0. (A.7)g�z,

I2 =
√

nH1 (β∗
1)

1
2
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H1 (β∗

1) +
λn
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D1

(
β̂◦

1

)}−1
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n
l̇1 (β01)

]

= H1 (β∗
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1
2

1√
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l̇1 (β01) −
λn√
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1
2 D1
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β̂◦

1
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1 (β∗
1) + D1
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β̂◦

1

)}−1 1

n
l̇1 (β01)

= H1 (β∗
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1
2

1√
n

l̇1 (β01) + op(1). (A.8)NUq [17] t/,

1√
n

l̇1 (β01)
D→ N (0, M1(β01)) (A.9)8� (C3), p�so √

nH1 (β∗
1)
(
β̂◦

1 − β01

)
D→ N (0, M1(β01)), 7�O √

n
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β̂◦

1 − β01
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D→

N (0, V1(β01)) .NBi 1  Pr
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β̂2 = limk→∞ g2

(
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)
= 0
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→ 1. h
 Pr(limk→∞

∥∥∥g1

(
β(k)

)
− β̂◦

1

∥∥∥ =

0) → 1. ?EBi 1 �t�=, g(β) �
− 1

n
D(β)−1 l̇n(θ) +

1

n
λnθ = 0 (A.10)t1, kRk β02 = 0 w g2(β) = 0. �WV8"e~&1Nu,&

− 1

n
D−1

1 (β1) l̇n1 (θ1) +
1

n
λnθ1 = 0,

− 1

n
D−1

2 (β2) l̇n2 (θ2) +
1

n
λnθ2 = 0,
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lim

β2→0
g2 (β2) = 0, lim

β2→0
g1 (β1) = f (β1) ,V� g (·) k β ∈ Hn e�q�t. N g (·) tq��, k β

(k)
2 → 0 w56� 1 O

ωk ≡ sup
g1(β)∈[1/M0,M0]q

‖f (β1) − g1 (β1)‖ → 0. (A.11)N β̂◦
1 �#&Hj f (·) tM2)�~�#&Hj f (·) t�� sup|β1|∈[1/M0,M0]

q

∥∥∥ḟ (β1)
∥∥∥ =

op(1), Vs� : C1 > 1, O
∥∥∥f
(
β̂

(k)
1

)
− β̂◦

1

∥∥∥ =
∥∥∥f
(
β̂

(k)
1

)
− f

(
β̂◦

1

)∥∥∥ ≤ 1

C1

∥∥∥β̂(k)
1 − β̂◦

1

∥∥∥ , (A.12)72+z, O
∥∥∥β̂(k+1)

1 − β̂◦
1

∥∥∥ ≤
∥∥∥g1

(
β̂(k)

)
− β̂◦

1

∥∥∥ ≤
∥∥∥g1

(
β̂(k)

)
− f

(
β̂

(k)
1

)∥∥∥+
∥∥∥f
(
β̂

(k)
1

)
− β̂◦

1

∥∥∥ , (A.13)�WO ∥∥∥β̂(k+1)
1 − β̂◦

1

∥∥∥ ≤ 1

C1

∥∥∥β̂(k)
1 − β̂◦

1

∥∥∥+ ωk, (A.14)=V}P	 Vs
Pr

(
lim

k→∞

∥∥∥β̂(k)
1 − β̂◦

1

∥∥∥ = 0

)
= 1, (A.15)� Pr

(
β̂1 = β̂◦

1

)
= 1. �W7=so β̂ =

(
β̂′

1, β̂
′
2

)′
≡ limk→∞ β̂(k) =

(
g1(β

(k))′, g2(β
(k))′

)′
=

(
β̂◦′

1 , 0′
)′

, �i 1 t (a) 
�, �i 1 t (b) VN)�~ β̂◦
1 t�9�,�so. �i 1 
�.


